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The four-dimensional treatment of wave propagation in an homogeneous anisotropic plasma
leads to a four-dimensional algebraic wave equation, where the solubility condition (dispersion
equation) is given by the vanishing of a 3 X 3 subdeterminant. The covariant representation of
such a defect algebraic system of equations is treated generally for N dimensions and its solubility
condition is given by the vanishing of a determinant (having the same rank as the tensor operator
of the system), whose elements are covariant themselves. The dispersion equation is explicitely
given for a gyrotropic plasma, where the four-dimensional conductivity tensor can be represented

by four-dimensional projectors.

1. Introduection

In the literature dispersion equations for moving
media, e.g.for moving plasmas, have been calculated
mostly in three-dimensional forms and for special
coordinate systems, as for example [1]. Furthermore
only terms of first order in v/c [2, 3] have been taken
into account. Seldom dispersion relations have been
calculated in four-dimensional form, as Heintz-
mann and Schriifer [4] did, treating the special case
of a cold electron plasma.

In the following we will establish a Lorentz
covariant and coordinate invariant dispersion
relation for arbitrary homogeneous anisotropic
plasmas, derived from the covariant wave equation
for the four-dimensional vector potential. Usually a
dispersion relation is given by the solubility
condition (vanishing of the determinant of the
coefficient matrix) of the algebraic (i.e. Fourier
transformed) wave equation. As the determinant
of the 4 X 4 coefficient matrix vanishes identically,
the solubility condition is given by the vanishing
of any 3 X 3 subdeterminant, which are equivalent.
In order to express the vanishing of such a sub-
determinant in a covariant form, we follow the
procedure in [4, 5]. Here the unknowns and the ten-
sor operator are represented by two different bases.
Thus the 4 X 4 coefficient matrix is reduced to a
3 X 3 matrix, thereby conserving the covariance.

As we have used two different bases the deter-
minant of the coefficient matrix and therefore the
dispersion relation become in general dependent on
the two chosen bases. In the appendix it is shown
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what conditions, besides those already discussed
in [5], the two bases have to satisfy to ensure the
determinant to be independent of them.

The so obtained covariant and coordinate
invariant expression of the dispersion equation for
arbitrary anisotropic plasmas is then specialized for
a gyrotropic plasma, which leads to a simple
expression and contains the results of Heintzmann
and Schriifer [4] for a gyrotropic cold electron
plasma as well as the results of Lee and Lo [1] for
an uniaxial plasma.

Although the method for the calculation of
covariant dispersion relations has been applied for
an anisotropic plasma, the application is not
restricted to a plasma and may be used for arbitrary
homogeneous, bianisotropic media.

2. Covariant Algebraic Wave Equation
for the Vector Potential

Maxwell’s equations in covariant form are
a‘vay = j” > ayF”y + a,Fly” + a”F’v = 0 (1)
with
G*? (G% = ¢ Dk, Gk = ¢lkm H ,,)  and
Fyyu (Fro = By, Fix = €1km ¢ B™)
as excitation and field tensor; j* = (pc, j1, j2, j3) the
four-dimensional current density vector. The greek
indices are running, unless otherwise stated, from 0
to 3.
Covariant expressions for the constitutive rela-
tions are [6, 7]
GYY = %lwh‘ Fix 5
(O + W uy) j4 =} 0%a F* @)
with u, the normalized four-velocity (u,u”= —1).
The material tensors of order three and four,
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respectively, can be represented by four-dimensional
material tensors of order two, which are closely
related to the usual three-dimensional electric and
magnetic permittivity and to the conductivity. In
the case of a plasma anisotropic in the comoving
frame, to which we restrict ourselves in order to
avoid too complicated expressions, one gets [6, 7]

A7 3% = (0/po)V/2(0} 0% — 65, 07)
0" = 073 Uy — 05 Uy (3)

with ¢} the four-dimensional Kronecker-Tensor.
The ansatz for the vector potential

Fip = a).fi\u—' aufii.,

and the plane wave ansatz (as we consider an
homogeneous plasma)

Al == A;,exp(i ko %)

lead to an algebraic wave equation for the four-
dimensional vector potential:

NxA4,=0 (4)
with the wave operator
Ny* = (04 + uy uk) (ky k% — ky k7 0};)
+ i/ o e0 oy (ky w* — kyu? %) . (5)

From the properties of the three partially
normalized projectors occurring in (5) and the
relation u” g% ~ ut [7], it follows that the rows and
columns, respectively, of the matrix N,* are
linearly dependent, i.e.

WN#=0, Ny¥ky,=0. (6)

Thus the determinant of N,* vanishes identically.
The solubility condition, and therefore the dis-
persion relation, is given by the vanishing of any
3 x 3 subdeterminant.

3. Covariant Calculation of the Dispersion Equation

The dispersion relation is calculated by a
mathematical method described in the Appendix A.
We construct two bases — according to (A.5) —
which are not necessarily dual. If the base vectors
of the four-dimensional flat space and their reci-
procals are used, the bases are dual and the dispersion
equation is independent of the choice of the bases.
If one avoids the construction of the reciprocals
— choosing two arbitrary bases — these bases have
to satisfy condition (A.20) to ensure the indepen-
dence of the dispersion equation on the choice of
the bases.
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Equations (6) do not only show the linear
dependence of the rows and columns of N,*, but
represent simultaneously two eigenvalue equations;
¥ is a left eigenvector of eigenvalue zero, k, the
right eigenvector of the same eigenvalue.

The splitting of the conductivity tensor in a
symmetric and skew-symmetric part

(o[ €0)1/2 oyt = 8y + Tyt (7)
with

T¥=—T¢ 4 (8)
enables to construct, according to (A.5), two bases,

consisting of k,,w” and the contractions of the
skew-symmetric tensor 7',# with k, in the form

base I: ky, Tx?ky/N1, ux/Na, T?ky/Ns (9)
with
Ny:=kOTBs Ts* ky,
Nz:=kyu?ub T g*ky,

Nz = ky uVNl,
(10)
and

base IT:  w*, T?, kv, Tv, TV kB, k* (11)
where the linear independence of the vectors is
easily proved in the comoving frame and 7 7# is the

dual tensor of 7', viz.

Tru =} gruin Ty, (12)

with e?#2% the Levi-Civita symbol.

The same procedure as in the Appendix A
(representation of 4, by base I and subsequent left
multiplication with the vectors of base II) leads to
(A.11)

det ¢/; = 0 (13)
with the elements of the matrix ¢/; given by
Nigh1=Fky kYN,
+ k0T STy kykgub,
tNoglo=T"sk%S) ky + N1,

— i N3kogu*qlag=T"sk08S, k, N3

— (kg u®)2 T?5 k0S¥ Ty keyy

+ N1 N3, (14)

—iN]_qzl = Tvd ToakaS:,l T”yk‘ykﬂuﬁ
— %kguﬁT;,,, T?%x N, ,
Nog23 =Ny — ik, T?, T'yﬂSﬁk”,
— i Nskgutq?s = b Ty? T\P S5k, Ny
(ke w2k Ty7 T,8 S5 T2 kg,
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— N1} = kgut k7S¢ T, ky + N,
Ny @By = ko k* kg ub + (foo u>)3
i Sk — ik ut Sy,
N kg ut ¥ — — ky k2 kgub Na + i k7 82 by N
(b Ut R ST By

As each of the elements of the matrix ¢/; is given in
a covariant form, (13) itself is covariant and rep-
resents the covariant dispersion equation for
anisotropic plasmas.

Although the expressions (14) depend on the two
bases (9), (11), the determinant itself is independent
of them, if, as shown in the Appendix A, the vectors

Tt ey N1, (8L kg kB — Joy k7) up/ N iy B2,
Ty? ]Cy/Na ;
Trsko, T'sTOouk* (0, + u”uy) k¥ (15)

fulfill condition (A.22). The vectors (15) are the
projections of the last three vectors of both bases
(9) and (11) into the subspaces orthogonal to the
right and left eigenvectors of eigenvalue zero,
ky and w?, respectively. They correspond to @, and
b} in the Appendix A.

With the second of the relations

Siuy ~up, Sjur~ur,

Trur=0=T" uy, (16)

which follow from o,*u;~u, [7] and can most
conveniently be verified in the comoving frame, and
with the relations between a skew-symmetric tensor
(satisfying relations (16)) and its dual [8, 9].

Toy T8, =0,
Tag Tb, = — Tag T8, — } 82 Tax Ty, (17)

it can be shown that the vectors (15) satisfy (A.22).

4. Specialization to Gyrotropic Plasmas

In a gyrotropic plasma the anisotropy is caused
by an outer magnetic field, represented by an axial
vector B!. Therefore the plasma is represented by
an axial conductivity tensor, which is built up by
the magnetic field vector. This axial conductivity
tensor can be represented by projectors s Py (B.4)
according to Eq. (B.9) in Appendix B, or using the
tensors Re 1 P#4, Im 1 Py# (B.10) instead of 1P,#
and _; P,# by (cf. (B.11))

V1ol €0 o4 = 00 0Pyt + 0+ 2Re 1 Py#
+10-2Im 1 Py# + o3 2Pk

(18)

The eigenvalue (eo/uo)l/202 is the pure time
component of g,# in the comoving frame and is
therefore arbitrary [7]. The symmetric and skew-
symmetric parts of o,# are given with (B.10), (B.4) as
S = 60 0Py* + 0+ 2 Re 1 Pyt + g3 2Py
= 00 by b4 + 0 (04 — by b# + u, uk)
— 02 Uy UM |

T =1i0_2Im 1Pyt =10-¢ep%"bou?

(19)

with b” as a unit vector of the magnetic four-
field BY =: } e?#2% F j uyfc [7].
These expressions reduce the elements (14) of the
matrix ¢/; to
1=k kY +rv0orkyur, qla=—1ilk,u?,
gls = i 02k, k7 + (ky u?)? — (ky b7)2) kg w8,
2 =1kyu?o 2, q2% = (kyu?¥—ioy)kgub,
%3 =104+ 0-2[ky k¥ + (kyu?)2 — (ky b?)2][kpub,
¢Pr=1kyu?, (20)
Pakyu? 6-2[kp kP + (kg uP)? — (kg bP)?]
= (kyw? — vt 04) [k kP + (kg ub)?]
— i(00 — 04) (kg bP)2,
Pk, u? = —kyk?(kgub — i oy)

+ (00 — 04)[(ky b7)% — (ky u?)?],
where the arbitrary ¢z has dropped out and the
following relations have been used:

T» S,f =0+ Ty, T#=0c—(uybt —byuk),
k* S5 ky = (00 — 04) (ky bY)2 + 04+ Ky kY
— (02 — 04) (kyu?)?,

k* Sy uy = o2 kyu?, (21)
k“S;ynyky = — 0-— ka bu kyuy(o'o - 02) )
Uy T #y kY = — 0_kyb?, T)pT**=—202,

k'l’ Tyx T“’l kﬂ — 0'—2 [kv kv + (’C‘y u7)2 - (ky b'}’)z] .

The calculation of the determinant (13) leads —
after some manipulations — to the explicit form
of the covariant dispersion equation in gyrotropic
plasmas:
0=det¢/; = [k-y kY + i 00 kyuv]

- {[kg kB + i 01 kg uP] [ 04 — ko u*] + o_2kguf}

+ {i(00 — o4)[ky k¥ + 1 04 kyu?] — 02 kyu?}

(kg bP)2, (22)
where the properties of the plasma are characterized
by the eigenvalues

V €olpo g0, |/ €o/to 611 =}/ €ofpo (0+ & 0-)
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of the conductivity tensor o,#. With the relations
(B.15) one can formulate the dispersion equation in
terms of the inverse eigenvalues fy-, as
(Cky kY fo — kyu?)
UL G ckgub fy) (i ko k™ fr — ko u®) + kgkB ko u*f-2]
+ [ky k7 f-2 — i (i by k7 f1 — Ey w?) (fo — f+)] (Ko b%)2
=0. (23)
For a cold collisionless plasma of density ne the

reciprocal conductivity tensor in the comoving
frame is given by [2]

J €o/po (071) Y

= (¢/op)(— i » 0, — wp exm B™),

2 2 ’
’9 Ge e 9e e 2 ’ Qe B
Wp = —7 =——=wp, W:=—7,
me €0 Me €9 me

which leads to the following expressions for

festaad—z

£ o to'c t by u? c2 /
= RS T e = [+ =
5 ’
1Cwp
T (24)
wp

with wp/27 the Lorentz invariant plasma frequency
and wp/2x the gyrofrequency.

Inserting f+ and fo in (23) and including f— into
Ty# according to the second equation of (19), one
gets with relations (21) (25)
1 wp

5 o1 I* Tap(ko ko)z}

o |2
{(k., u?)? [ka ke ;23] —
wp] | b
| (kyw)? — o + r k*TougThBOkokyk? =0

as the covariant dispersion equation for a lossless
cold electron plasma. With (wp/c)2T«f = Fy# this
is ‘the dispersion equation of Heintzmann and
Schriifer [4].

When the magnetic field becomes very large the
conductivity tensor becomes uniaxial. In this case
the gyrofrequency wg/27 increases infinitely and
consequently f_ (24), hence the quantities o, given
by (24) together with (B.16), vanish. The dispersion
equation (22) then simplifies to the factorized form

ky k7 [ko k™ kg ub + @ 6 (ko u*)2

—ioo(keb®)2]=0.  (26)

The vanishing of the expression between the
brackets leads to the dispersion relation for the
extraordinary mode, while k, k? = 0 is the dispersion

relation for the ordinary mode (a vacuum mode),
not influenced by the convection. Equation (26)
includes the expressions given by Lee and Lo [1]
for the special case v | B| ez.
For a plasma isotropic in the comoving frame
(B?=0=f_=¢"_) there holds
1 b 1
0= b fo = 0o

and the dispersion equation (23) becomes
3
[kvk"-l-?} [0} — (kgu)22] =0.  (27)

The vanishing of the first bracket leads to the
dispersion relation for the electromagnetic waves,
which is not influenced by the convection as long
as no collisions are taken into account, while the
second term is the covariant representation of the
relation ®'= -+ wp i.e. the expression for the
plasma oscillations in the comoving frame. In the
observer’s frame they become

(0 — ko)) [ (1 — 22]ed)!2= £ wp.

Concluding Remarks

The method for the calculation of a covariant
dispersion relation as described in this paper is not
restricted to plasmas. It may be applied wherever
one establishes a covariant dispersion relation from
an algebraic wave equation, where the dispersion
equation (solubility condition) is given by the
vanishing of a subdeterminant of the tensor
operator of the wave equation.

The method, viz. representation of the unknown
and the tensor operator by two different bases,
makes in general the dispersion equation dependent
of the choice of the bases. In the Appendix A we
discussed various constraints, besides the trivial
case of duality, for the two bases, which ensure the
independence of the dispersion equation of the
choice of the bases and avoid the construction of the
dual base.

Applying this method we established a covariant
dispersion equation for an homogeneous anisotropic
plasma. For gyrotropic media the three-dimensional
material tensors in the comoving frame can be
represented by projectors [10]. We generalized this
representation to four dimensions (Appendix B)
and calculated the covariant dispersion relation for
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a gyrotropic plasma. The obtained expressions
coincide for special cases with existing results [1],

[4], [11].

Appendix

A) Covariant Representation of the Solubility
Condition of an Homogeneous System
of Equations
We consider an homogeneous system of N1
equations with N + 1 unknowns

NefAs=0, (A1)

where throughout the Appendix A the greek
indices are running from 0 to N, the capital latin
indices from 0 to K and the lower case latin indices
from K-+ 1 to N. If the rank of the matrix Ny is
N +1, the solubility condition is simply given by
det No#=0. We exclude this trivial case and
consider in the following

rank N6=N—K, K=0.

Thereby the number of the independent unknowns
shall be equal to the number of the independent
equations; the system is uniquely determined. Thus
the number of the independent rows and columns
of N4# is equal and there exists only one significant
(N — K) X (N — K) subdeterminant, whose vanish-
ing provides the solubility condition.

For such a matrix N,8 the following eigenvalue
equations exist:

NeBay =21z, y% Nob ="y, (A.2)
where

i4)=0, o“4V'=0, 4A’'=0,1,..,K; (A.3)
L0, M40, ¥ =K1 .8

with 2¢7 (o®)) as right (left) eigenvalues and a7
(yﬁ') as right (left) eigenvectors. Throughout the
appendices the Einstein summation convention is
only valid for unprimed indices, while the primed
ones are merely labels. As the set of left and right
eigenvalues is equal, one can arrange them appro-
priately (¢ = p®"?) and gets with

Yo NoP i = 20 e 2 = oy
the biorthogonality relations
(A4)
Y™ ~ 0 =0,

' m=K+1,...,N.

ypaw ~ O, ypad ~ o =0,

B',4'=0,1,...,K,

One cannot make a statement about z2" % since
both eigenvalues 24”7 and o'8"? = 48" are zero (A.3).

With the 2 x (K + 1) right and left eigenvectors
2 y% of the eigenvalue zero and arbitrary
2 X (N — K) vectors c’g', d}. one can build up two
bases

base I:
base II:

o
Yo, dj . (A.5)

x

The vectors c’;;' and d, respectively, must not lie
in the subspaces of the x;”' and yj, respectively,
but have to be mutually independent. They may

be represented by
K
CI;S - ag _l_AZ()C"‘:’A,xé1 ’

K
&=b;+ > Dy (A6)
with af (b%) as the projections of ¢f (df) into the
(N — K)-dimensional subspace of the eigenvectors
with eigenvalue unequal to zero. According to (A.4)
these projections obey the biorthogonality relations

74 b =0, yipal =0. (A7)
Now the (N -+ 1)-dimensional unknown vector 4z
(A.1) is represented by base I as:

K 4 N ’
d5=5 Coaf + 5 Cp .
A'=0

F=E+1
Substitution into (A.1) leads according to (A.2) to

N
Z Naﬁc’g'()k' =0 )
FEK+1

where now the number of unknowns C%- is reduced
to N —K. Subsequent multiplications with the
vectors y% and df of base II eliminate K 4- 1 redun-
dant equations and reduce the (N -+41) X (N-+1)
system (A.1) to the (N — K) X (N — K) system

N
> ¢ Cpr =0 (A.8)
F=E+1
with the coefficients
gi¥ :=d} NP cf (A.9)

or, according to (A.6) and the eigenvalue equations
(A.2),

g¥ = b3 NoBak . (A.10)
The solubility condition of the (N — K) X (N — K)
system (A.8) is given by

det ¢g;¥" =0. (A.11)
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As we have used two, in general different, bases
and as the elements of the matrix ¢;*" depend on
the two bases, the determinant (A.11) itself depends
on the choice of the bases. Two other bases

basel: xg", 6; ’

base IT:  y%, d%
would lead to

i = b3 NoBa (A.12)

where now b2 (dg") are the projections of de: (éf;")

into the subspace of the vectors yf (x},”'). The
solubility condition is
det g5 =0. (A.13)

The first K-+ 1 vectors of the bases I and 1
“transform’ as

v A A
of = ot
as the eigenvectors of the eigenvalue zero are not

transformed. The vectors & of base T are expressed
by the vectors x , ¢k of base I (A.5) as
K N

6?3” :AZOASI,A' xg +, Z 1148”’6' c”g' :

Relation (A.6) and the analogous relation for &’
lead to

e S
K ’ N ’
=S At + > Al
k =K+1
N

Z s”k Z Ok
lc E+1
Contraction with a set of eigenvectors %%, made
biorthogonal with the set 2, i.e. 3 24 = o4.
yields
AY
OsIIA'zAs,,A'+ Z A's”k’ Ok’A'
F=K+1

(A.14a)

Contraction with any of the vectors b} yields

N
@' — > Apd =0,
E'=K+1

(A.14Db)

where the above vector is identical with the null-
vector, because it lies in the subspace of the xf,”
and therefore, according to (A.4), it cannot be
orthogonal to the subspace of the b} (equal to the
subspace of the yj’). Equation (A.14b) shows, that
the transformation within the subspaces of the
eigenvectorsof eigenvalue unequal to zerois indepen-
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dent of the transformation within the subspaces of
the eigenvectors of eigenvalue zero. According to
(A.14b) b%, b% transform as

N
=S Bty
j'=K+1
The transformations (A.14b), (A.15) lead to the
following transformation of the matrices (A.9),
(A.12):

dor = b3 Nob s’
N N

(A.15)

= > S Betg¥ AT, (A16)
F=E+1j=EK+1
and thus the determinant transforms as
det ;8" = det g;-*" det By 7" det A5y (A.17)

The determinants of the transformation matrices
As"yr, Byd' can be expressed explicitly by the

vectors of the bases I, I 11, II because the inner
product

N
as bﬂ Z
=K

N
> A5y ok bE By
k =K+1

+15
yields
det A5"'y det By’
= det @’ bf-/det ak b, (A.18)

Relations (A.17) and (A.18) show explicitly the
dependence of the determinants (A.11), (A.13) on
the chosen bases.

The described method of the calculation of the
solubility condition (unknown vector and tensor
operator represented in different bases) is mainly a
mathematical device in order to avoid the calcula-
tion of the dual bases. For in the particular case of
dual bases, i.e.

kdl =0k, & df = o

the right hand side of Eq. (A.18) becomes unity,
thus making the determinants (A.11), (A.13)
independent of the bases. But because we want to
avoid the construction of the dual bases, the
determinants (solubility conditions) depend on the
bases. Thus we have to impose a constraint on the
bases I, II in order to ensure that the solubility
condition is independent of the bases.

Such a constraint can be the orthogonality of the
vectors aﬁ, b%, wich requires (A.14b), (A.15) to be
orthogonal transformations (det 48"y =det By’
=1). Frequently the solubility condition represents
a dispersion equation (w = f(k)). In this case it is
sufficient that the vectors of the bases are indepen-
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dent of k and o in order to restore, beside an
arbitrary factor, the functional structure of the
solubility condition.

Another possible constraint is the biorthogonality
of the projections (A.6) of the vectors o’lg' (d) into
the subspace of the vectors x},’" (¥5), viz.

ak bf = oF (A.19)
or the weaker condition

afbh =0k for ¥ =jork <j  (A.20)
or the even weaker condition

detak' b} =1, (A.21)

which ensure the solubility condition to be inde-
pendent of the chosen bases.

In the case of a four-dimensional system of Eq.
(A.1) with rank No8=3 (N =3, K =0) condition
(A.20) is explicitly written as

a}é’ bfr= 1, a}?' bg' = 0, a/é, bgr = 0’
aZ bl =1, afbf =0, (A.22)
ad b =1.

B) Four-dimensional Representation
of Axial Tensors

A three-dimensional second order axial tensor
A, which is built up solely by an axial vector
B! = | B| B!, may be represented by means of the
complete set of three projectors [10]

Opz = Bl Bk )
2Py =38, — B By +iely Bm)  (B.1)
=1 P*Yy

on account of the eigenvalue equations

Al pp Py = App pp Py, M= —1,0,+1 (B.2)
in the diagonal form

Ay =AgoPL+ Ay 1 Py + Ay 1Py,
With

(B.3)

2Re 1 Py = 1 Pl + 1 Py = &, — B! By,
2¢Im 1Py = 1 Pl — 1 Pl =i elpyy Bm
Ay:=3Ant44),
the tensor 4 (B.3) may be represented by [10]
A= AgoPL+ A,2Re 1Pl +iA_2Im Py
For the representation of a four-dimensional
second order tensor (as for example the material

tensors given in [7] for gyrotropic media), whose
mixed space-time components vanish in the comov-

ing frame and whose space components are given
there by an axial tensor, the following four-
dimensional projectors can be used:
:th; = % (5; — b bﬂ —+ u*ug 4- ie"'“aﬂ bo Uy)
= 1 P*g, (B.4)
()Pg = b bg,
With b := B*(Bg Bf)~1/2 and the property by u* =0
they satisfy the completeness and orthogonality
relations
—1P% + o P§ + +1P% + 2 Pj = 05,
s Pg n'PBy = 3 P%, Opne
M,N =—1,0,+1,2.

oPji= —u*ug.

(B.5)

In the comoving frame the time component of
the four-vector b’* vanishes (because of b*uy=0)
and the space components b’! become equal to the
axial vector B! (i.e. B’l=Bl|B|) [7]- Hence the
projectors 11 P'%z, P’ have only pure space com-
ponents and coincide with the three-dimensional
projectors (B.1), i.e.

Pl =y Py, aP0g = ppP'ly= 3P0y =0,
M ——1,0,+1. (B.6)

The projector 3Pj= —u*ug has been added for
completeness and in the comoving frame is the
only one with non vanishing (0, 0)-component.

If the four-vector B* should represent a magnetic
field in the comoving frame, it can be expressed by
the dual electromagnetic field tensor

Fob:= L e*BVO F
in the form [7]
¢ B = FoBug (B.7a)

and thus satisfies the condition B*uy,=0 because
F o8 is skew-symmetric. If there is no electric field
in the comoving frame, one can express Fqg by [12]

Fog = — €apyo u?c B9, (B.7b)
With the eigenvalue equations
A%g pp PBy, = Ay pr P2y,
M=-—1,0,+1,2 (B.8)

one can represent A%g in the diagonal form
A% = A1 1 PY% + AgoP§+ A1 -1P%
+ A22P5. (B.9)

The eigenvalues Ay are most conveniently calcu-
lated in the comoving frame as there A, A'i 1 are
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the eigenvalues of the axial tensor, forming the
space components of A4’®g and A’s is the time
component.
The two tensors
2 Re 1Paﬁ = +1Pag -+ _1P“ﬁ
= 6%— b“b,g—{-u“uﬁ,
21Im P* = +1P“g — _1P“ﬁ
=1 &e"%55b%u,

(B.10)

lead to the representation of A% in the form
A“p = Ay ().Pc‘gl + A+ 2Re 1P°‘g

+iA_2Im1P°‘5+A2 zP'E (B.11)
with the coefficients
Ay:=%(An 4+ 44),
A=A+ A_. (B.12)

The two tensors 2 Re ;P%, 2Im ;P% (B.10)
can be represented by the field tensor F%g, if
there is no electric field in the comoving frame.
Use of the relation (B.7b) together with the prop-
erties of the Levi-Civita symbol yields

2R61Pap = —F“yFVB/CzBoB",

2 Im 1 P%g = F%g/(c2 Bs BY)1/2. (B.13)
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