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The four-dimensional treatment of wave propagation in an homogeneous anisotropic plasma 
leads to a four-dimensional algebraic wave equation, where the solubility condition (dispersion 
equation) is given by the vanishing of a 3 X 3 subdeterminant. The covariant representation of 
such a defect algebraic system of equations is treated generally for N dimensions and its solubility 
condition is given by the vanishing of a determinant (having the same rank as the tensor operator 
of the system), whose elements are covariant themselves. The dispersion equation is explicitely 
given for a gyrotropic plasma, where the four-dimensional conductivity tensor can be represented 
by four-dimensional projectors. 

1. Introduction 
In the literature dispersion equations for moving 

media, e.g. for moving plasmas, have been calculated 
mostly in three-dimensional forms and for special 
coordinate systems, as for example [1]. Furthermore 
only terms of first order in v/c [2, 3] have been taken 
into account. Seldom dispersion relations have been 
calculated in four-dimensional form, as Heintz-
mann and Schriifer [4] did, treating the special case 
of a cold electron plasma. 

In the following we will establish a Lorentz 
covariant and coordinate invariant dispersion 
relation for arbitrary homogeneous anisotropic 
plasmas, derived from the covariant wave equation 
for the four-dimensional vector potential. Usually a 
dispersion relation is given by the solubility 
condition (vanishing of the determinant of the 
coefficient matrix) of the algebraic (i.e. Fourier 
transformed) wave equation. As the determinant 
of the 4 x 4 coefficient matrix vanishes identically, 
the solubility condition is given by the vanishing 
of any 3 x 3 subdeterminant, which are equivalent. 
In order to express the vanishing of such a sub-
determinant in a covariant form, we follow the 
procedure in [4, 5]. Here the unknowns and the ten-
sor operator are represented by two different bases. 
Thus the 4 x 4 coefficient matrix is reduced to a 
3 x 3 matrix, thereby conserving the co variance. 

As we have used two different bases the deter-
minant of the coefficient matrix and therefore the 
dispersion relation become in general dependent on 
the two chosen bases. In the appendix it is shown 
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what conditions, besides those already discussed 
in [5], the two bases have to satisfy to ensure the 
determinant to be independent of them. 

The so obtained covariant and coordinate 
invariant expression of the dispersion equation for 
arbitrary anisotropic plasmas is then specialized for 
a gyrotropic plasma, which leads to a simple 
expression and contains the results of Heintzmann 
and Schriifer [4] for a gyrotropic cold electron 
plasma as well as the results of Lee and Lo [1] for 
an uniaxial plasma. 

Although the method for the calculation of 
covariant dispersion relations has been applied for 
an anisotropic plasma, the application is not 
restricted to a plasma and may be used for arbitrary 
homogeneous, bianisotropic media. 

2. Covariant Algebraic Wave Equation 
for the Vector Potential 

Maxwell's equations in covariant form are 
8VGW = jv, dyF„v + SvFyß + dßFVy = 0 (1) 

with 
Gw (G™ = c j)k} Qik = eikm Hm) and 
FV(l (Fio = El, Flk = eikm c B™) 

as excitation and field tensor; jv = (gc, j1, j2, j3) the 
four-dimensional current density vector. The greek 
indices are running, unless otherwise stated, from 0 
to 3. 

Covariant expressions for the constitutive rela-
tions are [6, 7] 

G*v = I }vvXx , 
W + u ' u ^ j ^ ^ o ^ F * * (2) 

with uv the normalized four-velocity (uvuv= — 1). 
The material tensors of order three and four. 
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respectively, can be represented by four-dimensional 
material tensors of order two, which are closely 
related to the usual three-dimensional electric and 
magnetic permittivity and to the conductivity. In 
the case of a plasma anisotropic in the comoving 
frame, to which we restrict ourselves in order to 
avoid too complicated expressions, one gets [6, 7] 

ovkx = Gvk ux — o\ Ui (3) 

with dl the four-dimensional Kronecker-Tensor. 
The ansatz for the vector potential 

FXx = d*Ax -dxAi, 

and the plane wave ansatz (as we consider an 
homogeneous plasma) 

A* = Aiexipiika x<*) 

lead to an algebraic wave equation for the four-
dimensional vector potential: 

NV*AX = 0 (4) 
with the wave operator 

Nv* := (<3? + uv vM) (kß k* - kv ky <5*) 

+ i |//W£o Gvß {kß ux — kv uv 6*). (5) 

From the properties of the three partially 
normalized projectors occurring in (5) and the 
relation uv a^ ~ u» [7], it follows that the rows and 
columns, respectively, of the matrix Nvx are 
linearly dependent, i.e. 

uv Nv* = 0, Nv* kx = 0 . (6) 

Thus the determinant of Nvy- vanishes identically. 
The solubility condition, and therefore the dis-
persion relation, is given by the vanishing of any 
3x3 subdeterminant. 

3. Covariant Calculation of the Dispersion Equation 

The dispersion relation is calculated by a 
mathematical method described in the Appendix A. 
We construct two bases — according to (A.5) — 
which are not necessarily dual. If the base vectors 
of the four-dimensional flat space and their reci-
procals are used, the bases are dual and the dispersion 
equation is independent of the choice of the bases. 
If one avoids the construction of the reciprocals 
— choosing two arbitrary bases — these bases have 
to satisfy condition (A.20) to ensure the indepen-
dence of the dispersion equation on the choice of 
the bases. 

Equations (6) do not only show the linear 
dependence of the rows and columns of Nv*, but 
represent simultaneously two eigenvalue equations; 
uv is a left eigenvector of eigenvalue zero, kx the 
right eigenvector of the same eigenvalue. 

The splitting of the conductivity tensor in a 
symmetric and skew-symmetric part 

(/uoleo)1'2 Ovß = Tvß (7) 
with 

Tv» = — (8) 

enables to construct, according to (A.5), two bases, 
consisting of kx, uv and the contractions of the 
skew-symmetric tensor Tvv with kß in the form 

base I : kx, TxvkyjNx, ux/N2, ^xv kv/N3 (9) 
with 

N1: = ka Tß0 Tß*kx, N2 : = kv uv Nx, 
N3:= kyuvu^ß* k*, (10) 

and 
base II : u\ Tvvkv, TvvTvßkß, kv (11) 

where the linear independence of the vectors is 
easily proved in the comoving frame and is the 
dual tensor of TXx, viz. 

f w : = i evßxx (12) 

with eyßkx the Levi-Civita symbol. 
The same procedure as in the Appendix A 

(representation of Ax by base I and subsequent left 
multiplication with the vectors of base II) leads to 
(A.ll) 

det qU = 0 (13) 

with the elements of the matrix q̂ i given by 
Ni qh = kv kv Ni 

+ ik* T"öSßTßy kykßuß, 
i N2 q12 = Tvö kö Sß kß-\- N\, 

- i N3 m« qh = T\5 kö Sß kß N3 

- (JfcaM«) 2 Tvö kö Sß -Tßv ky 
+ NlN3, (14) 

- i JVi q\ = TU k« S? Tßv kv kß uß 
-\kßuß TXx T**Nlt 

N2 q\ = N2 — i kv T"y Tyß SJ k» , 
- i N3 k^ u« qh = kv Tvy Tyß S"ß kß N3 

- (kz M«)2 kv Tvy Tyß 3TßQ kg, 
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- i NX qh = ka u* kv S$ Tßv kv + N 2 , 

N2 q32 = ka ka kß uß + (jfca M«)3 
— i kv S? kß — i ka. u a kv S? uß , 

N3 ^ u* q3s = - k a k * kß uß NS + i kv S? kß N3 

-i(kaU^kvS^ßy ky. 

As each of the elements of the matrix q̂ i is given in 
a covariant form, (13) itself is covariant and rep-
resents the covariant dispersion equation for 
anisotropic plasmas. 

Although the expressions (14) depend on the two 
bases (9), (11), the determinant itself is independent 
of them, if, as shown in the Appendix A, the vectors 

TXY KYJNX , (ÖL Kß kß - kx kv) Uv/N2 h k* , 

^kyjNr, 
Tvd k6, Tv0 Töa k<*, (dvY + uvUy)kv ( 1 5 ) 

fulfill condition (A.22). The vectors (15) are the 
projections of the last three vectors of both bases 
(9) and (11) into the subspaces orthogonal to the 
right and left eigenvectors of eigenvalue zero, 
kx and uv, respectively. They correspond to and 
bVj> in the Appendix A. 

With the second of the relations 
Spx uv ~ ui, Svx u* ~ uv, 
Tvx u* = 0 = Tvx uv, (16) 

which follow from avxux ~ uv [7] and can most 
conveniently be verified in the comoving frame, and 
with the relations between a skew-symmetric tensor 
(satisfying relations (16)) and its dual [8, 9]. 

T*ß3Tßy = 0 , 
*T*ß STßY = - T*ß Tßy TXX , ( 1 7 ) 

it can be shown that the vectors (15) satisfy (A.22). 

4. Specialization to Gyrotropic Plasmas 

In a gyrotropic plasma the anisotropy is caused 
by an outer magnetic field, represented by an axial 
vector Bl. Therefore the plasma is represented by 
an axial conductivity tensor, which is built up by 
the magnetic field vector. This axial conductivity 
tensor can be represented by projectors M'Pvß (B.4) 
according to Eq. (B.9) in Appendix B, or using the 
tensors Re iPv», Im xPvß (B.10) instead of XPV» 
and _iPS by (cf. (B.ll)) 

Yftoleo ov» = <J0 o P S + o+ 2 Re XPV» (18) 
+ i a- 2 Im i Pv» + o2 2 Pvß-

The eigenvalue (sol juo)1^ o2 is the pure time 
component of avu in the comoving frame and is 
therefore arbitrary [7]. The symmetric and skew-
symmetric parts of Ov» are given with (B.10), (B.4) as 

S% = (To oPv" + <r+ 2 R e 1 Pv» + o2 2PV» 

= 00 bv b» + o+(d% — bvb» + uv u») 

— o 2 u v u ( 1 9 ) 
Tv» = i o - 2 I m 1 Pv» = i A- Evv6» bd UV 

with bv as a unit vector of the magnetic four-
field Bv = \% Fkx Ufijc [7]. 

These expressions reduce the elements (14) of the 
matrix q^i to 

q11 = kykv + i cr+ kv uY , q12 = — i/kv uv, 

qi3 = i 0 - 2 [kv kv + (ky uv)2 - (kv by)2]/kß uß, 

q \ — ikyuv ( T - 2 , q22 = (kv uv — i o+)/kß uß , 

q23 = i <r+ <7—2 [ky kv + (ky uv)2 - (ky bv)2]/kß uß, 

g3! = i ky UV , (20) 
q32 ky U y o - 2 [kß kß + (kß uß)2 - (kß bß)2] 

= (ky uy - i (7+) [kß kß + (kß Uß)2] 

- i ( a 0 - o + ) ( k ß b ß ) 2 , 

q33 kyuv — — ky ky (kß uß — i <7+) 

+ i(<70 - o+)[(kyby)2 - (kyUy)2] , 

where the arbitrary a2 has dropped out and the 
following relations have been used: 

Tv» S* = o+ T v x , = <7- (uv b» — bv u»), 

fca ßi kx = (<70 - <7-|-) (ky bv)2 + <7+ ky kv 
- (<72 - o+)(kyuy)2, 

Jc*S*ux = o 2 k v u v , ( 2 1 ) 

k* S* FXV ky = — 0 - ka 6a ky uv(oo— a 2 ) , 

U X ^ X Y K Y = - O - K Y B V , TAxT*"= -2<7- 2 , 
kv Tv* T x » kß = <7—2 [ky kv + (ky uv)2 - (kv by)2}. 

The calculation of the determinant (13) leads — 
after some manipulations — to the explicit form 
of the covariant dispersion equation in gyrotropic 
plasmas: 
0 = det qU = [kv kv + i cr0 kv uv] 

• { [ ^ kß + i <y+ kß uß] [i <7+ — ka w a ] + o - 2 kß uß} 

+ { i (co — (7+) [ky kv + i 0+ ky uv] — a-2 ky uv} 

•(kßbß)2, (22) 

where the properties of the plasma are characterized 
by the eigenvalues 

j/eo/jWo OQ , ]/EOI/UO <7±i = j/eo/^o (0+ ± a-) 
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of the conductivity tensor avß. With the relations 
(B.15) one can formulate the dispersion equation in 
terms of the inverse eigenvalues ]M' , as 
(i kv kv /o — kv uv) 
• [(1 + ikßvfi /+) (i ^ k« f+ - kz wa) + kß kß kz ua /-2] 

+ [ky kv / — 2 -i(iky kv f+ - ky UV) (/0 - /+)] (fca 6«)2 

= 0. (23) 
For a cold collisionless plasma of density ne the 

reciprocal conductivity tensor in the comoving 
frame is given by [2] 

j/eo/^o (en1)'** 
= (c/cop)(-

2 ' 9e '2 . COp : = mp £0 

i co' d{ - COB ehrn B'm), 
qeB' 

me £0 " ~ m' 
?e We cof> coB 

which leads to the following expressions for 

, , i co'c ikyUVc2 

fo — / + — 7 / 2 = ; . 2 — f+ — fo , 
COp2 COp 

f - = co| (24) 

with cop/2jr the Lorentz invariant plasma frequency 
and cop/2 the gyrofrequency. 

Inserting /+ and /o in (23) and including /_ into 
Tvv according to the second equation of (19), one 
gets with relations (21) 2̂5) 

{(ky UV)2 kz k* + °JJ 2 - * T ^ (k6 W)2 J 

COp 
(KuV) 2 - - f 

COp 
+ - f fca Tzß TW kö kykv = 0 c6 

as the covariant dispersion equation for a lossless 
cold electron plasma. With ( cop / c ) 2 = Fz^ this 
is the dispersion equation of Heintzmann and 
Schrüfer [4]. 

When the magnetic field becomes very large the 
conductivity tensor becomes uniaxial. In this case 
the gyrofrequency COB/2 n increases infinitely and 
consequently /_ (24), hence the quantities o±, given 
by (24) together with (B.16), vanish. The dispersion 
equation (22) then simplifies to the factorized form 

kv kv [kz k* k0u^ + i o0 (kz %a)2 

-iao(kzb^)2] = 0. (26) 

The vanishing of the expression between the 
brackets leads to the dispersion relation for the 
extraordinary mode, while kyky = 0 is the dispersion 

relation for the ordinary mode (a vacuum mode), 
not influenced by the convection. Equation (26) 
includes the expressions given by Lee and Lo [1] 
for the special case v B '| e2. 

For a plasma isotropic in the comoving frame 
(B'v = 0 = /'_ = </_) there holds 

<7+ = 
COP 

/+ i ky uv c2 

1 
/o 

(70 

and the dispersion equation (23) becomes 
COp 

kykV + [cop — (kß uß)2 c2] = 0 . (27) 

The vanishing of the first bracket leads to the 
dispersion relation for the electromagnetic waves, 
which is not influenced by the convection as long 
as no collisions are taken into account, while the 
second term is the covariant representation of the 
relation co '=±coP i.e. the expression for the 
plasma oscillations in the comoving frame. In the 
observer's frame they become 

(CO - kl V1) I ( 1 - V 2 / C 2 ) l / 2 = ± W p . 

Concluding Remarks 

The method for the calculation of a covariant 
dispersion relation as described in this paper is not 
restricted to plasmas. It may be applied wherever 
one establishes a covariant dispersion relation from 
an algebraic wave equation, where the dispersion 
equation (solubility condition) is given by the 
vanishing of a subdeterminant of the tensor 
operator of the wave equation. 

The method, viz. representation of the unknown 
and the tensor operator by two different bases, 
makes in general the dispersion equation dependent 
of the choice of the bases. In the Appendix A we 
discussed various constraints, besides the trivial 
case of duality, for the two bases, which ensure the 
independence of the dispersion equation of the 
choice of the bases and avoid the construction of the 
dual base. 

Applying this method we established a covariant 
dispersion equation for an homogeneous anisotropic 
plasma. For gyrotropic media the three-dimensional 
material tensors in the comoving frame can be 
represented by projectors [10]. We generalized this 
representation to four dimensions (Appendix B) 
and calculated the covariant dispersion relation for 
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a gyro tropic plasma. The obtained expressions 
coincide for special cases with existing results [1], 

[4], [11]-

Appendix 
A) Covariant Representation oj the Solubility 

Condition of an Homogeneous System 
of Equations 

We consider an homogeneous system of JV + 1 
equations with JV + 1 unknowns 

Na?Ap = 0 , (A.l) 

where throughout the Appendix A the greek 
indices are running from 0 to JV, the capital latin 
indices from 0 to K and the lower case latin indices 
from K + 1 to JV. If the rank of the matrix JVa0 is 
JV -(-1, the solubility condition is simply given by 
det NaP — 0. We exclude this trivial case and 
consider in the following 

rank JVa0 = N — K, K^O. 

Thereby the number of the independent unknowns 
shall be equal to the number of the independent 
equations; the system is uniquely determined. Thus 
the number of the independent rows and columns 
of JVa0 is equal and there exists only one significant 
(JV — K) x (JV — K) subdeterminant, whose vanish-
ing provides the solubility condition. 

For such a matrix JVa0 the following eigenvalue 
equations exist: 
N*ß x]{ = A<*'> < , J V = gOO yfr, (A.2) 
where 
ZU') = 0, g<A'> = 0 , A' = 0,1,..K; (A.3) 
^'>4=0, e ( n 4=0 , l' = K + l ,...,JV 

with A(v) (Q '̂*) as right (left) eigenvalues and 
(y '̂) as right (left) eigenvectors. Throughout the 
appendices the Einstein summation convention is 
only valid for unprimed indices, while the primed 
ones are merely labels. As the set of left and right 
eigenvalues is equal, one can arrange them appro-
priately (X(v,) = g{v,)) and gets with 

sft N^ < = # < = Q^ yi' < 
the biorthogonality relations 

Vv < ~ öf, yf. x^ ~ df = 0, (A.4) 
y«B.x? -6% = 0 , 

B', A' = 0,1, . . . , K, r,m' = K + 1, ...,N. 

One cannot make a statement about x£' yB• since 
both eigenvalues A ( Aand g(B ) = A(£ ) are zero (A.3). 

With the 2 X (-ÄT+ 1) right and left eigenvectors 
x£', y°g' of the eigenvalue zero and arbitrary 
2 x (JV — K) vectors ck', dy one can build up two 
bases 

bäSG I * ? Cß 
base II: yB>,d} . (A.5) 

The vectors ck' and dy, respectively, must not lie 
in the subspaces of the x™' and yf, respectively, 
but have to be mutually independent. They may 
be represented by 

A' = 0 

d} = b}+2 DyB'y%. (A.6) 
B' = 0 

with (by) as the projections of ck' (dy) into the 
(JV — K)-dimensional subspace of the eigenvectors 
with eigenvalue unequal to zero. According to (A.4) 
these projections obey the biorthogonality relations 

xi 'b} = 0 , tB .aZ = 0 . (A.7) 

Now the (JV -f l)-dimensional unknown vector Aß 
(A.l) is represented by base I as: 

Aß= f CA>xf'+ f Ck>ck'. 
A'= 0 k'=K + 1 

Substitution into (A.l) leads according to (A.2) to 

2 N,fi<*Cr = 0 , 
k' = K+l 

where now the number of unknowns Ck' is reduced 
to JV — K. Subsequent multiplications with the 
vectors y\- and dy of base II eliminate K + 1 redun-
dant equations and reduce the (JV+1) X (JV+1) 
system (A.l) to the (N — K)x (JV — K) system 

f qyk'Ck' = 0 (A.8) 
k' = K +1 

with the coefficients qyk' := dy JVa0 ckß (A.9) 

or, according to (A.6) and the eigenvalue equations 
(A.2), 

qyk' — by JVa0 aJß . (A.10) 

The solubility condition of the (N — K)x (N — K) 
system (A.8) is given by 

det qyk' — 0 . (A.11) 
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As we have used two, in general different, bases 
and as the elements of the matrix qyk' depend on 
the two bases, the determinant (A.ll) itself depends 
on the choice of the bases. Two other bases 

^ A" " 

base I: xfi , c8ß 

base II: 
would lead to 

(A.12) 

where now b*' (äß) are the projections of d*- (cSß) 
into the subspace of the vectors yf (x™). The 
solubility condition is 

det qt"s" = 0 . (A.13) 

The first K + 1 vectors of the bases I and I 
"transform" as 

Xß = Ö^f X-ß , 

as the eigenvectors of the eigenvalue zero are not 
transformed. The vectors of base I are expressed 
by the vectors xfi, of base I (A.5) as 

% = f A'"A.xf+ f A'"k-(*. 
A'—O k' = K +1 

Relation (A.6) and the analogous relation for cSß' 
lead to 

6°ß' = ä*ß' + 2C°"A>xf 

= 2As"A>xf'+ f 
A'=0 k' = K +1 

+ f ^ v f C*'A>X?. 
k' = K +1 ^'=0 

Contraction with a set of eigenvectors ]/A>> made 
biorthogonal with the set xj', i.e. y A "x j ' = SA" 
yields 

C"A' = A'"A'+ 2 A9"*'CVA'. (A.14a) 
k' = K+1 

Contraction with any of the vectors bf" yields 

ägß'~ f As"k>a*' = 0, (A.14b) 
k' = K-1-1 

where the above vector is identical with the null-
vector, because it lies in the subspace of the x™' 
and therefore, according to (A.4), it cannot be 
orthogonal to the subspace of the (equal to the 
subspace of the y"). Equation (A.14b) shows, that 
the transformation within the subspaces of the 
eigenvectors of eigenvalue unequal to zero is indepen-

dent of the transformation within the subspaces of 
the eigenvectors of eigenvalue zero. According to 
(A.14b) bf", b(- transform as 

6 ? . = 2 B t " r hr • ( A - 1 5 ) 

The transformations (A.14b), (A.15) lead to the 
following transformation of the matrices (A.9), 
(A.12): 

qt-s" = b«:N^ä°ß 

= f I B t . .i 'qy*'As"k . , (A.16) 
r = A ' + i y=K+1 

and thus the determinant transforms as 
det qt"s" = det qrk' det Bt-)' det As"k>. (A.17) 

The determinants of the transformation matrices 
As"k', Bt"}' can be expressed explicitly by the 
vectors of the bases I, I, II, II, because the inner 
product 

2 2 A*"ra*tfyBt:V 
k'=K + i j'—K + l 

yields 
det As"k' det Bt~1' 

= det äsß b^/det akß' bßr . (A. 18) 
Relations (A.17) and (A.18) show explicitly the 

dependence of the determinants (A.ll), (A.13) on 
the chosen bases. 

The described method of the calculation of the 
solubility condition (unknown vector and tensor 
operator represented in different bases) is mainly a 
mathematical device in order to avoid the calcula-
tion of the dual bases. For in the particular case of 
dual bases, i.e. 

c/3 = > cß ^t" = 

the right hand side of Eq. (A. 18) becomes unity, 
thus making the determinants (A.ll), (A. 13) 
independent of the bases. But because we want to 
avoid the construction of the dual bases, the 
determinants (solubility conditions) depend on the 
bases. Thus we have to impose a constraint on the 
bases I, II in order to ensure that the solubility 
condition is independent of the bases. 

Such a constraint can be the orthogonality of the 
vectors by, wich requires (A.14b), (A.15) to be 
orthogonal transformations (det A S 'V = det Bt"V 
= 1). Frequently the solubility condition represents 
a dispersion equation (co = /(&)). In this case it is 
sufficient that the vectors of the bases are indepen-
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dent of k and co in order to restore, beside an 
arbitrary factor, the functional structure of the 
solubility condition. 

Another possible constraint is the biorthogonality 
of the projections (A.6) of the vectors ck' (d*) into 
the subspace of the vectors x™' (yf-), viz. 

= (A.19) 
or the weaker condition 

aJß bß. = 6)' for k' ^ j' or k' ^ j' (A.20) 
or the even weaker condition 

det ak' b1-' = i , (A.21) 
which ensure the solubility condition to be inde-
pendent of the chosen bases. 

In the case of a four-dimensional system of Eq. 
(A.l) with rank = 3 (N = 3, K = 0) condition 
(A.20) is explicitly written as 

aj' bßv = 1, aj' bßr = 0, aj' bßy = 0, 
a%b{.= 1, aj'bß. = 0, (A.22) 

o®'6f. = 1. 

B) Four-dimensional Representation 
of Axial Tensors 

A three-dimensional second order axial tensor 
Ah, which is built up solely by an axial vector 
Bl = | B | Bl, may be represented by means of the 
complete set of three projectors [10] 

o B k , 
±i Ph :=%{dlk-Bl Bk± i £imk B™) (B.l) 

= Ti P*lt 

on account of the eigenvalue equations 
AhM'Pki = AM'M'Plj, M' = - 1,0, + 1 (B.2) 
in the diagonal form 
Ah = A0 oP\ + A+1 +1Ph + A-! _ iPh . (B.3) 
With 

2 Re i Ph = +i Ph + - i Ph = dlk-BiBk, 
2 i Im i Ph = +i Ph - -i Ph = i £lmk B™ , 

A±:=%(A+1±A-1), 

the tensor Alk (B.3) may be represented by [10] 
Alk = Ao Qplk + A+ 2 Re iPh + i A-2 Im\P l k . 

For the representation of a four-dimensional 
second order tensor (as for example the material 
tensors given in [7] for gyrotropic media), whose 
mixed space-time components vanish in the comov-

ing frame and whose space components are given 
there by an axial tensor, the following four-
dimensional projectors can be used: 

±i:=±(daß-b*bß + u* uß ± i ev«öß uv) 
= =FI P**ß, (B.4) 

o ,P*ß:=b«bß, 2Pß:=~u«uß. 

With b*:=B*(Bß Bß)~and the property 6a = 0 
they satisfy the completeness and orthogonality 
relations 

-1 P*ß + 0 Pf + +1 P«ß + 2 P"ß=ö«ß, 
M'P«ß N'Pßy = M'P«y ÖM'N' , ( B . 5 ) 

M', N' = - 1 , 0 , + 1,2. 
In the comoving frame the time component of 

the four-vector 6'a vanishes (because of b^u^ — 0) 
and the space components b'1 become equal to the 
axial vector Bl (i.e. B'* = &\B\) [7]. Hence the 
projectors ±iP,<xß, oP'% have only pure space com-
ponents and coincide with the three-dimensional 
projectors (B.l), i.e. 

M'P'h = M'Ph, M'P'H = M'P'10 = M'P'O0 = 0, 
M' = - 1,0, + 1 . (B.6) 

The projector 2Pß = —u*uß has been added for 
completeness and in the comoving frame is the 
only one with non vanishing (0, 0)-component. 

If the four-vector Ba should represent a magnetic 
field in the comoving frame, it can be expressed by 
the dual electromagnetic field tensor 

JTa/?:= 1 Ectßvö Fyd 

in the form [7] 
cB* = jr*0Uß (B.7a) 

and thus satisfies the condition Bctu(x = 0 because 
Ĵ a/3 is skew-symmetric. If there is no electric field 
in the comoving frame, one can express F^ß by [12] 

F*ß= ~ exßyöuv cBö . (B.7b) 

With the eigenvalue equations 
A*ß M'Pßv = AM' M'P^y , 

M' = - 1,0, + 1 , 2 (B.8) 

one can represent A*ß in the diagonal form 
A*ß = A+1 +iP*ß + A0oP% + A-i _iP«0 

+ A22P«ß. (B.9) 

The eigenvalues AM' are most conveniently calcu-
lated in the comoving frame as there A0, A±l are 
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the eigenvalues of the axial tensor, forming the 
space components of A,<x-ß, and A'2 is the time 
component. 

The two tensors 
2 Re 1 P*ß = +iP*ß + -iP«ß 

= — 6a bß + wa Uß, 
2 i Im 1 P*ß = +iP*ß - -1 P*ß (B.10) 

= i eyv-ößb6uy 

lead to the representation of A^ß in the form 
A*ß = A0 oPß + A+ 2 Re 1 P*ß 

+ i A- 2 Im iPaß + A2 2Pß (B.ll) 
with the coefficients 

A±:=i(A+1±A-1), 
A±1=A+±A_. (B.12) 

The two tensors 2 Re 1 P*ß, 2 Im (B.10) 
can be represented by the field tensor F^ß, if 
there is no electric field in the comoving frame. 
Use of the relation (B.7b) together with the prop-
erties of the Levi-Civita symbol yields 

2 Re 1 P*ß = - F*v FVßlc2 Bö B* , 
2 Im 1 P*ß = F*ßl{c* Bd 5<5)1/2 . (B.13) 

With oP^ = ^ + w 0 t ^ - 2 R e i p a / J ((B-4)> (B-1 0)) 
the representation (B.ll) becomes 

Axß = (A0 - A+) F*v FVßlc2 Bö B6 

+ iA-F*ß{c B0B»)~W 
+ {AQ- A2)u*uß. (B.14) 

For the special case AQ = A2 this is the represen-
tation of Derfler and 0'Sullivan [11]. 

The diagonal representation (B.9) of Aaß by the 
projectors M'P^Ij is most convenient for inversions. 
The orthogonality relations (B.5) yield 

with 

A-la^ = /-i -iPaß + /o oPß 
+ /+1 +lP(Xß + /2 2Pß 

fM' 1/AM' , M'= - 1 , 0 , + 1,2. 

(B.15) 

Using the tensors 2 ReiP<V 2 I m i P ^ (B.10) one 
gets 

A~lxß = /o oPß + /+ 2 Re iP<*ß 
i f-2 Im \P*ß + f2 2Pß (B.16) 

with 

f± = i (/+! ± /-1) = ± A±I(A% - A2_). 
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